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In this paper, we provide some extensions of earlier results about hypercyclicity
of some operators on the Fréchet space of entire functions of several complex
variables. Specifically, we generalize in several directions a theorem about hyper-
cyclicity of certain infinite order linear differential operators with constant coefficients
and study the corresponding property for certain kinds of “antidifferential” operators
which are introduced in the paper. In addition, the existence of hypercyclic functions
for certain sequences of differential operators with additional properties, for
instance, boundedness or with some nonvanishing derivatives, is established.
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1. INTRODUCTION AND NOTATION

In this paper we denote by N the set of positive integers, by C the field
of complex numbers, and by N, the set Ny=Nu {0}. Let X, Y be two
topological spaces, T,: X —» Y(neN) a sequence of continuous mappings,
and x e X. Then x is said to be hypercyclic (or universal) for {T,} if its
orbit {7,,x: ne N} under {T,} is dense in Y. The sequence {7} is hyper-
cyclic whenever it has a hypercyclic element. It is clear that, in order that
{T,} can be hypercyclic, ¥ must be separable. If 7: X — X is a continuous
selfmapping, then an element x € X is said to be hypercyclic for T if and only
if it is hypercyclic for the sequence { 7"}, where 7" =ToTo --- o T (n times).
T is hypercyclic when there is a hypercyclic element for 7. A subset 4 < X
is invariant under T when TA < A. It is evident that x is hypercyclic for T
if and only if there is no proper, closed, invariant subset in X containing x. So,

* This work is supported in part by DGES Grant PB96-1348.
323

0021-9045/99 $30.00
Copyright © 1999 by Academic Press
All rights of reproduction in any form reserved.



324 LUIS BERNAL-GONZALEZ

hypercyclicity is connected with the problem of the invariant subspace. If
X is a linear topological space, we say that T is an operator on X whenever
T is a continuous linear transformation taking X into itself.

We now furnish a sufficient condition for a sequence {7} to be hyper-
cyclic. Its proof is an easy application of the Baire Category Theorem and
is left to the reader. Several versions of this result have earlier appeared in
[ 13, Sect. 2; 14, Sect. 1; 15, Satz 1.2.2; 16; 19, Theorem 2.1]. Note that, in
a Baire space X, a dense G4 subset is “very large” in X. A subset 4 = X is
residual if and only if it contains a dense G subset.

THEOREM 1. Let X be a linear topological space that is a Baire space, Y
a metrizable separable linear topological space, D < X dense in X, ECY
dense in Y, and T,: X - Y(neN) a countable family of continuous linear
mappings satisfying the following condition: For every de D and every e€ E
there is a sequence {x,} = X and a subsequence {n,} of positive integers such
that x, —d and T, (x;)— e (k— o).

Then {T,} has a dense Gs subset of hypercyclic vectors.

The existence of hypercyclic operators on any separable Fréchet space
has been recently proved in [1] (see also [7]). B. Beauzamy [2-4] has
constructed examples of linear operators on Hilbert spaces having dense,
invariant linear manifolds all of whose nonzero elements are hypercyclic.
P.S. Bourdon [11] proved in 1993 that any hypercyclic operator on a
complex Banach space has a dense, invariant linear manifold consisting,
except for zero, entirely of hypercyclic vectors. In fact (see [ 1]) this result
holds in a more general setting. We state it for future references.

THEOREM 2. Let T be a hypercyclic operator on a complex, separable,
locally convex space X. Then there is a dense T-invariant linear manifold of
X consisting entirely, except for zero, of vectors that are hypercyclic for T.

Let G be a nonempty open subset of CY(NeN). G is said to be a
domain when, in addition, it is connected. A domain G = C" is said to be
a Runge domain if each analytic function on G can be approximated uniformly
by polynomials on every compact subset of G (see [ 18, pp. 52-59; 20,
Chap.5]). When N =1, the Runge domains are precisely the simply con-
nected domains. Denote by H(G), as usual, the Fréchet space of analytic
functions on G endowed with the compact-open topology. G. D. Birkhoff
[10] showed in 1929 that every translation operator 7, (that is, 7, f(z) =
f(z+a), where ae C\{0} is fixed) is hypercyclic on the space H(C) and
G. R. MacLane [23] obtained the same conclusion in 1952 for the operator
of differentiation fi+— f’. G. Godefroy and J. H. Shapiro [ 14, Sect. 5] is
demonstrated in 1991 the following strong generalization of the theorems
of Birkhoff and MacLane:
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THEOREM 3. If L is an operator on the space H(CY) of entire functions
on CV that commutes with each of the translation operators t, (ae C"), and
is not a scalar multiple of the identity, then L has a dense, invariant vector
manifold each of whose nonzero elements is hypercyclic for L.

See also [5, 8,9, 15, 22] for other generalizations of Birkhoff-MacLane
theorems. Several works have been made in connection with additional
properties imposed to hypercyclicity. For instance, Grosse-Erdmann [16]
proved in 1990 that there is no hypercyclic entire function f for the differen-
tiation operator D satisfying max, _,|f(z)| = O(e’/r'/*) (r— o0), while
there is a D-hypercyclic entire function f such that max,, _,[f(z)| = O(¢(r)
-e"/r'?) (r— ), ¢: (0, +00)— (0, +00) being a prefixed function such
that ¢(r) > oo (r— o). G. Herzog [17] showed in 1994 that there is a
D-hypercyclic function f such that f and f* are zero-free. This result has
been recently improved by the author [ 6], which proves that if ¢ € N, and
a nonconstant entire function @ of subexponential type are given, then the
set A={feH(C): @ and f“*" are zero-free} contains a residual subset
of @(D)-universal functions. The result is sharp in terms of the growth and
the type of @.

In this paper we extend Theorem 3 and the result of the latter paragraph
about zero-free derivatives to more general domains and sequences of
operators and introduce and study a new kind of operators related to
antiderivatives. The existence of bounded hypercyclic functions is estab-
lished for certain domains. We also provide a rather general “eigenvalue
test” in order to prove the hypercyclicity of certain kinds of operators and
sequences of operators.

2. DIFFERENTIAL AND ANTIDIFFERENTIAL OPERATORS

In order to generalize in Section 4 the Godefroy—Shapiro result stated in
Section 1, we adopt the notation of [14, Sect. 5] and transcribe some
preliminaries from it. For 1 < j< N let D; denote complex partial differen-
tiation with respect to the jth coordinate. A multi-index is an N-tuple
p=(py, .., py) of nonnegative integers. Denote |p|=p,+ --- + pu, p!=
pils e pyl, DP=DPo ... o DE (D°=I= the identity operator), and
=z ...z if z=(zy, ., Zy). An entire function @(z)=3,/5a,z”
on C¥ is said to be of exponential type whenever there exist positive constants
A and B such that |®(z)| < A4e®'? (zeC¥). This happens if and only if
there is Re (0, 4+ o0) for which

R!PI

|ap|<? (Ipl =0).
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It is shown in [14] that if @ is of exponential type, then the mapping
D(D) =3, 50a,D" is a well-defined operator on H(CY). Note that if @ is
an entire function and L =®(D), then L"=@"(D) for all neN (L"=
LoLo...oLbut @"=@.@. ... .0, n times).

Trivially, every linear differential operator with constant coefficients
commutes with translations. In [14] it is shown that the operators on
H(C") commuting with translations behave as “infinite order” differential
operators.

THEOREM 4. Let L be an operator on H(CY). The following conditions
are equivalent:

(a) L commutes with every translation operator t, (ac C").
(b) L commutes with each of the differentiation operators D, (1 <k < N).
(¢) L=®(D), where @ is an entire function on CV of exponential type.

Some additional notations and results are needed in order to prove our
theorems. If @ = (ay, ..., ay) € C¥ and r >0, we denote by D(a, r) the closed
polydisc D(a, r)={zeC": |z;—a;| <r,1<j<N}. We consider in C" the
distance d(z, a) = max{|z; —ay]|, .., |zy—ay|}. If g is a function defined on
a subset B< CV, then |[|g| 5 will stand for sup {|g(z)|: ze B}. We say that
an entire function @(z)=3%,,.04a,z” on CV is of subexponential type
whenever, given ¢> 0, there exists a positive constant K= K(¢) such that
|®(z)| < Ke®?! (ze CV). A straightforward computation with power series
and the Cauchy inequalities [ 18, p.27] shows that @ is of subexponential
type if and only if, given &£>0, there is a positive constant 4 = A(e) such
that

|pl

&
la,| <4- T (Ip1 =0).

Note that, if N=1, then @ is of subexponential type if and only if @ is
either of growth order less than one or of growth order one and growth
type zero. Each entire function of subexponential type is obviously of
exponential type.

THEOREM 5. If G = CV is a nonempty open subset and d(z) = 2ipls04pZ"
is an entire function of subexponential type, then the series ®(D) =3, , -, a,D”
defines an operator on H(G).

Proof. If G=CY, the result is a particular case of the above considera-
tions. So, we may suppose that G # CV. Fix f € H(G) and a compact subset
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K< G. Let e=1d(K, CMN\G). Then there is 4 € (0, +00) such that la,| <
A-((g/2)!?!/p1)(| p| = 0). Fix a point a € K. The Cauchy formula for derivatives
[18, p. 27, Formula 2.2.3] tells that

P S Iy P11

|D7fla)| < PSR < =0,

where K, is the compact set {z: d(z, K) <¢}. Note that K< K; < G. There-
fore D71 <!/ /e and X2 10, D2 | x < 3120 A - ((2/2)7/p)-
(P! [1f NI x, /e"") =2%A - | fll,. so the series 3, - o @, D”f converges uniformly
on K and &(D) defines a mapping from H(G) into itself. The linearity is
trivial and, since |@(D) f||x<2V4 - |/, for every fe H(G), we obtain
that @(D) is continuous on H(G). ||

We now introduce a (as far as we know) new kind of operators for
CY=C, namely, the “infinite order antidifferential operators.” They are
defined in Theorem 6, after a number of definitions and considerations.

Firstly, assume that G < C is a simply connected domain and that « is
a fixed point in G. If jeN and fe H(G), denote by D’f the unique
antiderivative g of order j of f (ie., g = f) such that g®¥(a)=0 (k=0,
I, .., j—1). In fact, we have

(z—1)/ !

Goord (e0 (1)

pfz)= [ fl0)-

where the integral is taken along any rectifiable curve y = G joining a to z.
It is easy to verify that each D~/ is an operator on H(G). We denote
D~%=1I= the identity operator. If [0, + o), then we denote by S(J)

the set of formal complex power series ¥(z)=37, ¢;z’ such that

lim sup <|C’|>1/f <4
J!

Jj—©

Note that even for § =0 there may be ¥ e S(J) with empty convergence
disk: take, e.g, ¥(z)=3;2, j/?z/. Define the number 4(a, G)=sup, ¢
inf{r>0: a is in the connected component of D(z, r) " G containing z} (see
[5]). In order to understand the geometric meaning of A(a, G), note that
0<d(a, C\G)<sup,.glz—al <4d(a, G)< diameter (G) and that G is
bounded if and only if 4(a, G) is finite. We agree that d(a, J) = + 0. Note
also that if G is starlike with respect to a, then A(a, G)=sup,.qlz—a|.
Furthermore, d(a, C\G)= 4(a, G) if and only if G is C or an open disk
with center «; in this last case, the common value is the radius of G.
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THEOREM 6. If G<C is a simply connected domain aeG, and d(z) =
ol * oz’ €S(1/4(a, G)), then the series YD Y= 0 ¢D ~/ defines an

operator on H(G).

Proof. Given z € G, there exists a rectifiable arc y, < G joining a to z
such that |z—¢| <4(a, G) for all tey,. Fix a compact set K< G. Then we
may choose a compact set L and the arcs p, in such a way that
Usex V. €L <G, sup, g length (y,) =0 < oo and |z—¢t| <M = a constant
<A(a,G) for all tey, and all zeK Fix M,e(M, A(a, G)). Since
Ve S(1/4(a, G)), there is a constant 4 € (0, +o0) such that |¢;|/(j—1)! <
A/Mf_1 whenever je N. Fix f € H(G). Let us show that the series ¥(D ')

OO

= ¢;D 7 converges uniformly on K. By (1) we have

1 | =0t dr

DJ _ |
DG —DtJ,

1 X
S M7 1Sl - length(y,).
(j—1!

Therefore |D~7f | < (eM/~1||f]|/(j—1)!) and

o0

2D k< X gl ID T e <leol 1 flx+ X el 1D |«
j=0

j=0 j=1

<leol 1/ 1+ Z A'(M/Ml)j_l'o" £l s

j=1

where we have used that K < L. Summarizing, 372 , \|ch*ff|\K< B-fllL,
where B is the constant B=|co|+ AoM,/(M,—M). So >~ ,¢;D —If
converges uniformly on K and ¥(D~') defines a mapping from H(G) into
itself. The linearity is trivial and, since |P(D~!) fllx<B-|f| . for every
fe H(G), we obtain that ¥(D~!) is continuous on H(G). |

3. AN EIGENVALUE CRITERION FOR HYPERCYCLICITY

The core of the proof of Theorem 3 (see Section 1) in [ 14, Sect. 5] is to
provide a good supply of eigenvectors of the corresponding operator. We
furnish here a rather general criterion of hypercyclicity of sequences of
operators based upon the existence of sufficiently many eigenvectors. Recall
that, in a linear topological space, a subset is said to be total whenever its
linear span is dense. If 7" is an operator and e is an eigenvector, then we
denote by A(T, e) its corresponding eigenvalue.
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THEOREM 7. (1) Let X be a separable Fréchet space and {T,} a
sequence of operators on X. Assume that there are two subsets <o/, B of X
satisfying:

(a) For every pair of finite subsets F, < .o/ and F, < R there is a
subsequence {n;} of positive integers such that every element in F, or in 7
is an eigenvector for each T, in such a way that lim,_, , AT, ,a)=0 for
all ae 7, and limy. _, , (T,,, b) oo for all be 7,

(b) of and A are total in X.
Then there is a dense G4 subset of hypercyclic vectors for {T,}.

(2) Let X be a separable complex Fréchet space and T an operator
on X. Assume that there are two subsets <f, B of X satisfying:

(a) Every element in </ or in 4 is an eigenvector for each T in such
a way that (T, a)| <1 for all ae o/ and |A(T, b)| >1 for all be A.

(b) «of and A are total in X.

Then there is a dense Gz subset M of hypercyclic vectors for T. In addition, M
contains all nonzero vectors of a dense, T-invariant, linear submanifold of X.

Proof. Part (2) is obviously an application of Theorem 2 together with
part (1) for 7,,=T" (neN), as soon as we realize that A(T", ¢) = (AT, e))"
(neN) whenever e is an eigenvector for T.

We now prove part (1). Let us try to apply Theorem 1. Take X=Y=
the Fréchet space given in the hypothesis, D =span .7, E=span 4. Then
D and E are dense in X. Fix de D and eeE. Then there are scalars
Ay eoes Ay By s B, and two finite sets of vectors 7 ={a, .., a,,} .o,
F=1{by, ... b,} =% such that d=u,a, + ..., «,,a,, and e=f,b,+ ---,b,.
By hypothesis, there is a subsequence {n,} of positive integers such that
AT,, ])—>0 (k— o) for all je{1,..,m} and A(T,,, b;) — oo(k — o0) for
all je{l,..q}. We may assume that AT, b )750 for all k and all ;.
Define, for every k €N, the vector

w=dt ¥ = L4t LT, by (T ok

]—1}( no ]) mo =J

Then the term (f,/A(T,,,b;
x; = d (k- o0). Finally,

b;))b; -0 (k— o) for every je{l, .. q}, so

Tl = ¥ T a)at ¥ st A, b,

1 Jj= me>

= o, MT, o 47) 4 +e—e (k- o0),
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because A(T,,a;)—>0 (k—co) for all je{l, .. m}. Consequently, the
condition in Theorem 1 is fulfilled and the proof is finished. [

4. HYPERCYCLIC SEQUENCES

In this section we deal with the hypercyclicity of the operators intro-
duced in Section 2. Results by Godefroy and Shapiro (Theorem 3) and by
Herzog [17] and the author [6] (see Section 1) are extended, and some
new others are proved.

Before stating our first two results, we point out some ideas about
density of certain families of functions. Let e,(z) =exp(a,z; + --- +ayzy)
if a=(a;,.,ay) €eCY and z=(z,, .., zy) €eC". If ScC¥, denote by Hy
the linear manifold

Hg=span {e,:ae S}.

It is well known that the set of all finite linear combinations of functions
e, (aeCP) is dense in H(C™) [18, p. 97]. In fact, a joint application of the
Hahn-Banach Theorem, the Riesz Representation Theorem, and the
Analytic Continuation Principle (see [ 14, pp.259-260]) shows that Hg
is dense in H(C") for each nonempty open subset ScC”". The same
argument would yield the same result for the case N =1 just by assuming
that S < C is a subset with at least one finite accumulation point.

For future references, we state here four conditions that may or may not
be satisfied by a sequence {®,}° of entire functions on C. Recall that if
D(z2) =30 a,z? € H(C") and @ is not identically zero, then its multi-
plicity for the zero at the origin is m(®)=min{|p|: a, #0}.

(P) There are two nonempty open subsets A, B of C" such that for
every pair of finite subset F;, < 4 and F, < B there exists a subsequence
{n} of positive integers such that lim;_, ,, @, (a)=0 for all ae F; and
lim, _, ,, @, (b)=co for all be F,.

(P’) There are two subsets 4, B of C" each of them with at least one
finite accumulation point such that for every pair of finite subsets F; = 4

and F, < B there exists a subsequence {n,} of positive integers such that
lim,_, , @, (a)=0 for all ae F, and lim, _, ., @, (b)=co for all be F,.

(Q) m(®,)—> oo (n—oo0) and there is a nonempty open subset
B < CV such that for every finite subset F < B there exists a subsequence
{ni} of positive integers satisfying lim; _, ., @,,(b) = o for all be F.

(Q") m(®,)— oo (n— o) and there is a subset B< C" with at least
one finite accumulation point such that for every finite subset F < B there

My nye
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exists a subsequence {n,} of positive integers satisfying lim, _, ., ®,,(b) =
for all be F.

Trivially (P) implies (P') and (Q) implies (Q’). For instance, the sequence
?,(z)=z"(ze C; ne N) satisfies all four properties; the sequence @,(z)=
n"z" satisfies (Q) but does not (P) (n"z" » 0 as n — oo for every ze C\{0});
the sequence @,(z)=ne™+:z"/n* satisfies (P) (take A={z:|z] <],
Rez<0} and B={z:|z| <1, Re z>0}) but not (Q).

THEOREM 8. Suppose that G is a Runge domain of C and @, @, (neN)
are entire functions on CV. Assume that @ is not a constant and denote
L,=®,(D) (neN).

(a) Suppose that every @, is of subexponential (exponential, resp.)
type and the sequence {®,} satisfies (P). Then there is a dense Gs subset of
H(G)(H(C"), resp.) all of whose elements are hypercyclic functions for {L,}.

(b) For N=1 the statement of (a) still holds if (P) is changed to (P").

(c) Suppose that @ is of subexponential type and let L =®(D). Then
there is a dense Gz subset M of H(G) all of whose elements are hypercyclic
functions for L. In addition, M contains all nonzero functions of a dense,
L-invariant, linear submanifold of H(G).

(d) Suppose that L is an operator on H(C") that commutes with each
of the translation operators t, (ae C"), and is not a scalar multiple of the
identity. Then L has a dense Gz subset M of hypercyclic functions. In
addition, M contains all nonzero functions of a dense, L-invariant, linear sub-
manifold of H(C™).

Proof. (a) Firstly, by Theorem 5 and the initial considerations of
Section 2, every L, is an operator defined on H(G) (even on H(CV) if @,
is of exponential type). From now on, G may be C¥ or not. Note that
Dje,=uaje, for each je {1, .., N} and each a e C", so D?e,=a’e, for every
multi-index p. Then L,e,=®, (D)e,=®, (a)e, (acC", neN). Observe
that each function e, is an eigenvector for every L, with eigenvalue @,(a).

Consider the open subsets 4 and B provided by the condition (P). Fix
a compact subset K < G, a function f'€ H(G), and ¢ > 0. Since G is a Runge
domain, a polynomial P(z) of N complex variables can be found in such
a way that | f(z) — P(z)| <e&/2 for all ze K. There exists he Hg (S= A or B)
with |P(z) — h(z)| <¢/2 for all z e K. Therefore | f(z) —h(z)| <e¢ for all ze K.
This shows that H, and Hg are also dense subsets of H(G). It now suffices
to apply part (1) of Theorem7 on X=H(G), o/ ={e,;acA}, B=
{ey:beB} and T,=L,(neN).

(b) This part is obvious from (a), together with the remark for the
case N=1 at the beginning of this section. We would have anew that H ,
and Hp are dense in H(C), so in H(G) as well.
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(c) By Theorem 5, L is an operator defined on H(G). Since @ is a
nonconstant entire function, the sets 4 =® ~!(|z| <1) and B=® " '(|z| > 1)
are nonempty open subsets. Now use part (2) of Theorem 7 with
X=H(G), T=L=®(D), o/ ={e,.ac A} and B ={e,: be B}. Note that,
like in part (a), every function e,(aeC") is an eigenvector for T with
eigenvalue A(T, e,) = @(a).

(d) This is essentially Theorem 3. It has been put here for the sake
of completeness. It is derived as (c) (G = C" here) by using Theorem 4. It
should be noted that if L =@&(D), then @ is nonconstant if and only if L
is not a scalar multiple of the identity. ||

For instance, we have that there is a dense G subset of entire functions
f on C such that each entire function can be uniformly approximated on
compact sets by functions of the form nf(z +n) 4+ f"(z)/n?® (ne N). Indeed,
it suffices to consider the sequence @,(z) of the third example just before
the latter theorem. Note that e*” =1, for every ae C.

In view of the result on growth of Grosse—Erdmann [ 16] for entire func-
tions (see Section 1), it is natural to ask what is the minimal growth allowed
for a D-hypercyclic function on a bounded domain in C. The answer for
Runge domains is almost trivial and is provided in Corollary 2. We denote,
as usual, by g|¢ the restriction of a function g to a subset S.

COROLLARY 1. Assume that G = CV is a Runge domain and that L is an
operator on H(C™) that commutes with each of the translation operators t,
(aeC"), and is not a scalar multiple of the identity. Then the set

M ={f|s: fis entire and {(L"f) |4} ° is dense in H(G)}

is dense in H(G).
Proof. The assertion is evident from part (d) of Theorem 8 and from

the fact that H(C") is dense in H(G). |

CoROLLARY 2. If G C¥ is a bounded Runge domain, then there exists
a dense subset M in H(G) such that, for every fe M, each derivative
S™(neNy) is bounded and the orbit { f™} is dense in H(G).

Proof. Just apply Corollary 1 with L=D. ||

THEOREM 9. Suppose that G is a Runge domain of C and @, @, (neN)
are entire functions on CN. Denote L,=®,(D) (neN).

(a) Suppose that every @, is of subexponential (exponential, resp.)
type and the sequence {®,} satisfies (Q). Then there is a dense G subset
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of H(G) (H(C™), resp.) all of whose elements are hypercyclic functions
Sor {L,}.
(b) For N=1 the statement of (a) still holds if (Q) is changed to (Q").

Proof. We can also apply part (1) of Theorem 7. Take X =Y = H(G),
T,=L, (neN), o ={z: peNy}, #=1{e,:be#B} where the set % is
furnished by hypothesis (Q) (or by (Q’) if N=1). Observe that span .o/
( ={polynomials} ) is dense in H(G). Each function e, is an eigenvector for
every T, with eigenvalue A(T,, b)= @, (b). Fix two finite subsets F# =
{zh, .., 27} <o/ and F={e,, .., ¢, } =A. From (Q) (or (Q')), a sub-
sequence {n,} of positive integers can be found for the finite set F=
{by, ..., by} = Bin such a way that lim, _, _, MT,,, b)) =limy _, , D, (b;) =0
for all je {1, .. s}. On the other hand, if oc—max{|p1|, . |D,|}, there is
no € N such that m(®,)>a for all n>n,, so &,D)zPi=0 for all je
{1, ..., r} because D?z? =0 for all je {1, .., r} and for every multi-index p
with |p|>a. Consequently, each z% is an eigenvector for 7, (we can
assume n,>n, for all k) with eigenvalue A(7,,,z%)=0, which trivially
tends to zero as k— oo. ||

Unfortunately, one cannot expect any hypercyclicity result for an antidif-
ferential operator W(D!).

THEOREM 10. Assume that G < C is a simply connected domain. Fix a
point ae G and consider the corresponding antiderivative operator D!,
Suppose that ¥ and ¥, (neN) are in S(I/A(a G)) and that VY, (z)=

2ozl Let L, L, be the operators L=¥(D~"), L,=¥,(D~") (neN).
We have

(a) If {L,} is hypercyclic, then the sequence {c{’:neN} is dense
in C.

(b) L is not hypercyclic.

Proof. L and L, (neN) are well defined operators by Theorem 6. If
fe€H(G) is hypercyclic for {L,} then, given beC, some subsequence
{L, f} of {L,f} must dpproximdte the constant function g(z)=b on the
compact set {a}. But (L, f)(a)=(Z72,c”"D7/f)(a)=cy’f(a) because

D ’f(a)=0 for all jeN. Th1s 1mphes {hat e f(a)— bk — ), so
{ci":neN} is dense in C. This proves (a). Part (b) is an unpleasant conse-
quence of (a): indeed, assume that ¥(z) =37, cjzf and put L,=L". Then
c{” = ¢} and for each ¢, € C the sequence {cf} is not dense in C. ||

Nevertheless, a sort of “pseudo-hypercyclicity” is true, as our next
theorem shows. For this, let us cite the following result of W. Luh [21]:
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For every simply connected domain G <= C there exists a sequence {C,}
< C with the property that for every ¢ € H(G) the set {Q,(z) =D "¢p(z) +

720 (C,_;/j!) 27: neN} is dense in H(G). Note that the coefficients C,’s
do not depend upon ¢.

Just a remark before the theorem: Let G < C be a simply connected
domain and fix a point ae G. If Y(z) =37 06 .z/ is a formal power series,
then Y e S(1/4(a, G)) if and only if a( ¥, J) is ﬁmte for all o€ (0, 4(a, G)),
where we have set

|ejl07 "

¥, 0)=|co| +su .
( ol sup T,

THEOREM 11. Assume that G < C is a simply connected domain. Fix a
point ae G and consider the corresponding antiderivative operator D 1. Then
there exists a sequence {C,} < C satisfying the following property: For
every f € H(G) and every sequence {¥,(z)} ° = S(1/4(a, G)) of formal power
series for which

¥,,0)—>0(n—-> o) for all 6€(0, A(a, G)),

the sequence {¥,(D~") f(z)+ X124 (C,_;/j!) z/: neN} is dense in H(G).

Proof. Denote L,=Y¥,D~") and assume that ¥,(z)=372,c"z/
(neN). From Theorem 6 we have that every L, is an operator on H(G).
We apply the mentioned result of Luh [21] to the domain G and the func-
tion ¢ =0. We obtain that there is a sequence { C,} ° = C such that the set
{H,} 7 given by H,(z)=37-7 (C,_,/j!) z/ is dense in H(G). Fix a function
fe H(G) and a compact set K < G. If the final steps of the proof of Theorem
6 are watched then one sees that there are a compact set L < G and positive
constants o, M, M, with M, € (M, A(a, G)) such that |[L, fllx<B, Ilfll.,
where

oM, e | M{~!
- sup - for all neN.
M, —M ;o (j—1)

B,=lc{’| +

But o(¥,, M;) - 0 (n — o0) by hypothesis, so lim, , , B,=0and | L, f|
—0 (n—> o0). Hence {L, f}{ converges uniformly to zero on compact
sets. Since {H,} is dense in H(G), we have that {L, f+ H,}{ is also
dense in H(G), as required. |

By using [ 21, Lemma 3] one can easily establish that for every compact
set B < C with connected complement and every function g which is con-
tinuous on B and holomorphic in the interior of B, there is a subsequence

f {L,f+H,}  converging to g uniformly on B and, in addition, for
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every Lebesgue-measurable set £ < G and every Lebesgue measurable func-
tion g: E— Cu {0}, there is a subsequence of {L, f + H,} ° converging
almost everywhere to g on E. Theorem 11 together with this remark generalizes
[5, Theorem 57]: in fact there we dealt with the case ¥,(z)=c,z", where
{c,} ¢ =C is a sequence such that lim sup,,_, ,.(|c,|/n!)""<1/4(a, G).

We propose here as an open problem to give conditions on {¥,} which
guarantee the hypercyclicity of {%,(D~")}. Note that this sequence can
certainly be hypercyclic. Indeed, for ¢« =0 the constant function f=1 is
{¥,(D~")}-universal if and only if the set {372, (c{”/j!)z/:neN} is
dense in H(G). Appropriate c(") can always be found.

To finish, we establish a result about hypercyclicity of functions with the
additional property that certain derivatives do not vanish on the domain.
Notice that there is no D-hypercyclic entire function f such that f-f”-f" is
zero-free, since {fe H(C): f-f"-f" is zero-free } = { “tho, feC,a#0}
(see [12, p.433; 24]). If geN,, let us denote A(q)=1{/feH(G): f9(z)
fU+D(z)#0 for all zeG}. Since exp € () cn, 4 (q), every A(q) is non-
empty. If ¥ ={L,:neN} is a sequence of continuous mappings from X
into Y, then we denote by HC(.Z) the set of hypercyclic elements for .Z.
If Ac X, denote &|,={L,|,:neN}. We are now ready to state our
theorem on hypercyclicity. Herzog’s result [ 17] is the special case ¢ =0,
G=C, ¢ ={D" neN} while the result of the author in [6] is the special
case G=C, ¥ ={L" neN} with L=®(D).

THEOREM 12. Assume that G = C is a simply connected domain and that
{®,:neN} is a sequence of entire functions of subexponential type satisfy-
ing (P') or (Q'). Fix geNg and set A= A(q), ¥ ={L,:ne N}, where L, is
the operator on H(G) given by L, = ®,(D) (neN). Then the set HC(Z| ,)
residual in A.

Proof. The proof is very similar to that in [6], so we merely indicate
some necessary changes. The closed discs D(0, k) (ke N) in the proof of
Theorem 5 of [6] should be replaced to the closure G, of G,, where
{G,: ke N} is a sequence of simply connected domains such that every G,
is compact, G, = Gy, 1, and G=J;*_, G,. The metric d( f, g) in that paper
is here changed to

I/ —gll,

T+ /-l (/. g€ H(G)),

© 1
=Ly
where ||A]|; = max. g, |A(z)|. From Theorems 8 and 9, HC(.¥) is residual in
H(G) and an adequate application of Theorem 2.1 of [17] will give the

result if one takes into account that 4 =(\_, A, where 4, ={fe H(G):
ming, | /@ .f“*D|>0}. If ke N is fixed, then there is a simply connected
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subdomain Uc G such that G, = U and f9(z) f¥4*V(z)#0 for all ze U.
The existence of an approximating sequence {P,} of polynomials on
D(0,k+¢) in [6, Theorem 5] is here guaranteed by Runge’s theorem,
which should be applied on V, V being a simply connected domain such
that ¥ is compact and G, = V< V< U. We leave the details to the reader,
who should find no difficulty if the proof of the cited reference is followed
step by step. |
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